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Motto: The delight in seeing and comprehending is the most beautiful g i f t  of nature. 
(A.  Einstein) 

1. L i fe  and work1  

Kurt  Godel w a s a sol i tary genius, w h o s e work inf luenced all the subsequent deve­

lopments in mathemat ics a n d logic. T h e str ik ing fundamenta l resul ts in the d e c a d e 

1929 - 1939 that m a d e G o d e l f a m o u s are the comple teness o f  the f i rs t -order pred ica­

te logic proof ca lculus, t he incomple teness o f  ax iomat ic theor ies conta in ing a r i thme­

tic, and the cons is tency o f  t he a x i o m o f  cho ice and the con t i nuum hypothes is w i th  

the o ther ax i oms o f  set theory . Dur ing t he s a m e decade Gode l m a d e o ther cont r ibu­

t ions to logic, inc luding w o r k o n intu i t ionism and computabi l i ty , and later, under the 

in f luence of h is f r i endsh ip w i th  Einstein, m a d e a fundamenta l cont r ibut ion t o the 

theory of space- t ime. In th is  art ic le ] a m go ing to summar i se t he m o s t ou ts tand ing 

resul ts o n incomple teness a n d undecidabi l i ty that changed the fundamen ta l v i ews o f  

modern mathemat ics . 
Ku r t  Fr iedr ich Gode l w a s born 2 8 Apr i l  1906, the second son o f  Rudo l f and 

Mar i anne (Handschuh) G o d e l . in B rno . Pekaøská 5,2 in Moravia,  at that t ime the 

Austrio-Hungarian province, n o w a part ot  the Czech Republic. Th is region had 

a mixed population that w a s predominantly Czech with  a substantial German-speaking 

minority,  to which Gode l ' s parents belonged. Fol lowing  the rel igion o f  his mother 

rather than his "old-catholic""  father, the Godels had Kurt bapt ized in the Lutheran 

church. In 1912, at the a g e o f  s ix , he w a s enrolled in the Evangel ische Volksschule , 

a Lutheran school in Brno. Gode l ' s ethnic patrimony is neither Czech nor l ew i sh , as 

is somet imes bel ieved. His  fa ther Rudol f  had come f r o m  V ienna to wo rk in B rno ' s 

texti le industry, wh i le his mother 's fami ly  came f rom  the Rhineland region fo r  the 

work in texti les. A t  the age o f  s ix or seven Kurt  contracted rheumatic f eve r and. des­

p i te eventual fu l l  recovery , h e c a m e to be l ieve that h e had su f fe red pe rmanen t hear t 

d a m a g e as a resul t . Here a re t he ear ly s igns of G o d e l ' s later p reoccupat ion wi th  his 

heal th.  
F r o m 1916 to 1924, Ku r t  carr ied o n his school s tud ies at the Deutsches Staats-

Rea lgymnas ium ( G r a m m a r Schoo l ) , whe re h e excel led part icular ly in mathemat ics , 

1 Sources: Feferman (1986). Dawson (1984), Malina-Novotný (1996), Archives of Brno. 

~ At that time also Briinn.  Biickergasse 5. 
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languages and rel igion. Dr.  Cyri l  Kubánek, professor o f  catholic religion, w a s Gô-

del s pro fessor of philosophical propedeutics. Gôdel probably obtained his interest 

in the phi losophy of Immanuel Kant  at this stage, which appears to have prevented 

him  f rom  later fu l l y  accepting the neo-positivist ideas o f  the Vienna circle. Al l  the 

school register records test i fy to a great intellectual talent3. 
The Wor ld  W a r I  took place during G ó d e ¾ s school years: it appears to have had 

little  direct e f fec t on him  and his fami ly .  The col lapse o f  the Aust ro Hungarian em­
p i re at w a r ' s e n d together with absorpt ion o f  Morav ia . B o h e m i a and Slovakia into 
the n e w Czechos lovak Repub l ic in 1918 a lso little  a f fec ted the Godels . A f te r  the 
war , the fami ly  con t inued l i fe  much as before, comfor tab ly sett led in the vil la  on 
Pel l icova 8 a in Brno.  

Fo l low ing his graduat ion f r o m the Rea l -gymnas ium in B r n o in 1924, Gôdel went 

to V ienna to begin his studies at the University. He w a s influenced; by the number-

theorist Phil ipp  Furtwängler, but Professor Hans Hahn became G o d e ¾ s principal 

teachei, a mathematician of the new generation, interested in modern analysis and 

set-theoretic topology, as wel l as logic, the foundations o f  mathematics and the phi ­

losophy o f  sc ience. It w a s Hahn w h o int roduced Gôdel to the group o f  phi losophers 

around Montz  Schlick, which w a s later known as the "V ienna Circ le"  and became 

identi f ied with  the philosophical doctrine of logical positivism or logical empiri­

cism . Gode l at tended meet ings of the Ci rc le qu i te regular ly in the per iod 1924 -
1928. But in the fo l l ow ing  years he gradual ly moved away f r o m it, though he main­
ta ined contact wi th  s o m e o f  its members , part icular ly wi th  Rudol f Carnap. 

T h e sphere o f  conce rns o f  the Ci rc le members must h a v e in f luenced Godel . H e 
w a s acquain ted wi th  Ernst M a c h ' s empir ic ist -posi t iv ist ph i losophy o f  science5 and 
Ber t rand Russe l l ' s logist ic program, a l though he repor ts f i rst s tudy ing the Pr incipia 
Mathemat i ca severa l years later. It  seems that the most direct in f luences on Gôdel 
we re Carnap 's lectures on mathematical logic and the publication o f  Grundzuge der 
theoretischen Logik by David Hilbert  and Wi lhe lm  Ackermann. 

Hilbert  posed as an open problem the question o f  whether there is a complete 
sys tem o f  ax ioms and derivation rules f o r  the f irst-order predicate logic. In other 
words, whether us ing the rules o f  the f irst-order system, it is possible to der ive every 
logical ly val id statement. Gôdel arr ived at a posi t ive solution to this completeness 
problem in the summer of 1929. The work became his doctoral dissertation and w a s 
publ ished in a revised version in 1930. The Completeness Theorem is now the most 
fundamental theorem o f  model theory and mathematical proof theory. 

Ciôde¾s personal l i fe  changed in 1927 when he met Ade le Nimbursky,  a dancer 
w h o had been married before and w a s six years older than Kurt.  Ow ing to the d i f f e -

' A rarity can be found, however, in these reports: the evaluation excellent ("sehr gut") is ste-
reotypically repeated in (he end of every year; the only lower evaluation was on the first se­
mester report - in mathematics. 
J For a detailed discussion of Godel's relations to the Vienna circle, see Kôhler (1991). 

Max Plank's lectures, 1907, the most brilliant  exposition of relativity of the period. 
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rence in their social situation, the developing relationship led to object ions f r o m  
Kurt 's  father. A l though Kur t ' s  father died not long after, Kurt  and Ade le we re not to 
b e married fo r  another ten years. The death o f  Kur t ' s  father in 1929 w a s unexpected; 
fortunately he lef t  his f am i l y  in comfortable f inancial c ircumstances. Godel 's mother 
retained the v i l la  in Brno  and took an apartment in V ienna wi th  her two sons. Three 
days after his fa ther ' s death. Kurt  made an application'' f o r  re lease f rom  nationality 
obl igat ions in Czechos lovak ia . He w a s released on condition  that he would acquire 
state nationality in Aust r ia within  two years. 

The ten years 1929 - 1939 were the most product ive period in Godel 's intense 
l i fe  in mathematical logic, culminating in his greatest d iscover ies. It w a s the period 
o f  pursuit o f  avo id ing paradoxes and inconsistencies in mathematics that had des­
t royed F r e g e ' s e f f o r t to establ ish a formal proof sys tem f o r  mathemat ics at t he e n d 
of the 19th Cen tu ry . Dav id Hi lber t (1862 - 1943), an outs tand ing G e r m a n ma thema­
t ician, put f o rwa rd a n e w proposa l f o r  the foundat ion o f  c lassical mathemat ics wh ich 
has c o m e t o b e k n o w n as H i lbe r t ' s Program. 

Pursu ing H i l be r t ' s p rog ram. Gôdel started to wo rk on the consistency problem 

fo r  arithmetic and real ised that the notion o f  provabi l i ty can b e formal ised in arith­

met ic . He a lso s a w that non-paradox ica l a rguments ana logous t o the we l l - known 

L iar  paradox in o rd inary language cou ld b e carr ied o u t b y  subst i tut ing the not ion o f  

provabi l i ty f o r  that o f  t ruth. Surpr is ingly, these e f fo r t s eventua l ly led h i m to a m o s t 

unexpected result , h is p roo f o f  incompleteness o f  a r i t hme t i c—e f f ec t i ve l y destroying 

the conclusions Hilbert  had intuit ively  begun f rom  when he originated his program. 

Godel 's wo rk is general ly taken to show that Hi lbert 's Program cannot be carried 

out. The latter has never theless continued to b e an influential  position in the phi loso­

phy o f  mathemat ics , and, s tar t ing wi th  the wo rk o f  Gerhard Gentzen in t he 1930s, 

wo rk on so-cal led Re la t iv ized Hi lbert P rog rams have been central to the deve lop­

ment of  proof theory . 
Gode l f i rs t  announced h is Incompleteness T h e o r e m in 1930 to C a r n a p in C a fé 

Reichsrat in V ienna, a habitat o f  the Vienna Circle. T h e wo rk on incompleteness 

w a s publ ished ear ly in 1931, and defended as a Habililationschrift at the University 

of V ienna in 1932. T h e title  o f  Privatdozent g a v e Gôdel the r ight  to g i v e lectures at 

the university but wi thout  pay . A s  it happened h e del ivered lectures in V ienna only 

intermittently  dur ing the fo l l ow ing  years. 
In 1933 - 1934 his unsalar ied position in V ienna w a s supplemented by income 

f r o m  vis i t ing posi t ions in the United  States of Amer ica. Gode l ' s f i rst  v is i t w a s to the 
Institute fo r  Advanced Study in Princeton where he g a v e lectures on incompleteness 
results. The Institute had been formal ly  establ ished in 1930. wi th  Albert Einstein and 
Oswa ld Veb len appointed its f i rs t  professors. A t  that t ime Godel apparently began to 
work on prob lems in ax iomat ic set theory. In the fo l l ow ing  years he fel t  rather dep­
ressed and lonely, par t icu lar ly at Pr inceton. H e had severa l nervous at tacks of m e n ­
tal depress ion a n d exhaus t ion . In 1936 h e spent a lmost the w h o l e year in a sanato­

6 Source: Archiv Brno. Certificate of domicile dated Feb 26, 1929. 
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rium on account of" mental illness. On September 20®, 1938 Kurt  Gôdel and Adele 
Nimbursky i i n a 11 y got married and their marriage proved to be a warm and enduring 
one. Adele was a source of constant support for  Kurt  in the diff icult  times ahead. 

In March.  1939, after the occupation of Austria by Mitier,  Gode¾s unpaid posi­
tion of PrivMdment had been abolished and he had to ask fo r  a new paid position 
called Dozent neuer Oixlriung (Docent o f  the New Order). He was also called up fo r  
a military physical examination, and much to his surprise found fit  for the duty. On 
27 of November he wrote a letter to Osvald Veblen in Princeton asking for  help. 
Somehow German exit permits were arranged, and Kurt and Adele managed to leave 
Vienna in January 1940. They travelled by train through Eastern Europe, then via 
the Trans-Siberian Railway across Russia and Manchuria to Yokohama where they 
took a ship to San Francisco. In March 1940 they finally  came by train to Princeton. 
Gôdel w a s never to return to Europe. 

So it w a s in 1940 Godel was made an Ordinary Member of the Institute for  
Advanced Study, and he and his w i fe settled in Princeton. Among his closest fr iends 
there were Albert Einstein and Oskar Morgenstern; the latter was another ex-Vien­
nese, an economist who emigrated f rom Austr ia in 1938. At  the Institute Gôdel had 
no formal duties and was free to pursue his research and studies. In the springtime 
1941 he gave a series of lectures, and on April  1 #  he gave a lecture in the Yale^Uni-
versity on "In  which sense is intuitionistic  logic constructive7'? He continued his 
work in mathematical logic; in particular he made efforts to prove the independence 
of the axiom of choice and the continuum hypothesis. He partially succeeded on this 
problem. His masterpiece Consistency of the axiom of choice anil of the generalized 
continuum-hypothesis with the axioms of set theory (1940) is a classic of modern 
mathematics. In this he proved that if an axiomatic system of set theory of the type 
proposed by Russell and Whitehead in Principia Mathematica is consistent, then it 
will  remain so when the axiom of choice and the generalized continuum-hypothesis 
are added to the system. This did not prove that these axioms were independent of 
the other axioms of set theory, but when this was finally  established by Cohen in 
1963 he built  on these ideas of Godel. Another achievement early in this period (pub­
lished only in 1958) was a new constructive interpretation of arithmetic that proved its 
consistency, but via methods going beyond finitary means in Hilbert's sense. 

F rom 1943 on, Godel devoted himself almost entirely to philosophy, first to the 
phi losophy of mathematics and then to general philosophy and metaphysics. Gôdel 
is noted fo r  his support o f  mathematical realism and Platonism7. In this general di ­
rection he jo ins such noted mathematicians and logicians as Cantor, Frege. Zermelo 
and Church, and the implicit  working concept ions of most practicing mathemati­
cians. An  expository paper on Cantor 's cont inuum problem in 1947 brought out 
G o d e¾ s Platonist v iews quite markedly in the context of set theory. A s for  general 
philosophy, Gôdel continued his long-pursued study of Kant and Leibniz. 

' See, e.g.,  Kóhler  (2002a).  
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Bea inn in" in 1951, Gôdel received many honours. Particularly noteworthy w a s 

h is sharing o f  the f i rs t  Einstein A w a r d (with  Julian Schwinger) in 1951. John von 

Neumann, one o f  the f i rst  to understand G o d e ¾ s incompleteness results, compared 

Godel s contribution  in the f ie ld  of logic with  the w o r k  of Ar is tot le;  von Neumann 

died on January 8'h. 1957. Einstein died on Apr i l  18 1955. Th is w a s Gôdel s best 

f r iend and regular companion on their wa lk home f rom  the Institute. Einstein and 

Godel seemed very d i f ferent in almost every personal way—Eins te in fu l l  o f  laughter 

and common sense and Godel solemn, ser ious and so l i ta ry—but they shared a f un ­

damen ta l feature : bo th wen t direct ly and rigorously to the fundamenta l quest ions at 

t he very hear t o f  th ings. 
F r o m 1959 o n . in addi t ion to G o d e l ' s p r imary interest in logic, ph i losophy and , 

to a lesser extent , ma themat i cs a n d physics, h e w a s interested in phenomeno logy . 
G o d e l ' s no tes are preserved in his Nachlass ( inher i tance), a n d m a n y o f  t h e m are 
conce rned wi th  the phenomeno logy o f  E d m u n d Husser l . T h e s e notes a re unexpec­
ted ly wide- rang ing, revea l ing interests in history and theo logy. A logical a t tempt at 
the proof o f  G o d ' s ex is tence is f ound here. T h e 'p roo f w a s wr i t ten in 1970 and it 
r em inds a sacral text: it has n o int roduct ion, n o mot ivat ion, a n d n o expl icat ion o f  the 
moda l sys tem used; j u s t ax ioms, def in i t ions, and the proof . It  is a n onto logica l p roof , 
based on Anse l m pr incip le, bu t Gode l does not re fer to St. Anse lm, o r  to o ther 
ph i losophers a n d theologians. 

In the last f i f teen years o f  h is l i le.  Gode l w a s busy wi th  Inst i tute bus iness and 
h i s o w n phi losophica l s tud ies ; dur ing this t ime h e returned to log ic on ly occas iona l ­
ly,  devo t ing s o m e e f fo r t s to revis ion and translat ion o f  h is o ld papers . H e translated 
a n d rev ised h is 1958 paper9, wh i ch g a v e a const ruct ive interpretat ion o f  ar i thmet ic , 
but the rev ised vers ion w a s never publ ished. 

O n Apri l  2 1 - 2 3 , 1966, a 60®  birthday sympos ium w a s organised at Ohio  State 
Universi ty;  but the invitation  to attend w a s decl ined by Godel. On July 23 ' Marian ­
n e (Handschuh) Gôdel (mother)  d ied in Vienna, and in Augus t Gôdel re fused an ho­
norary membersh ip in Aust r ian A c a d e m y o f  Sc iences. In fac t , G o d e l ' s heal th w a s 
p o o r f r o m the late 1960s on . H i s w i f e  Ade le w a s not ab le to he lp h i m as be fo ie , 
be ing herself part ial ly incapaci tated, and f o r  a t ime m o v e d t o a nurs ing h o m e . 

G o d e l ' s depress ions re turned accompan ied by paranoia ; h e deve loped fears 
abou t be ing po isoned and wou ld not eat. Ku r t  Gôdel died in Princeton Hospital on 
January 14l h . 1978 o f  "malnutr i t ion  and inanition  caused b y personali ty disturban­
ce"'. Ade le surv ived h i m by three years. Kur t  and Ade le had n o chi ldren, leaving 
K u r t ' s b ro ther Rudo l f as the so le surv iv ing m e m b e r of  the Gôde l fami ly .  

In 1987 an international Kurt  Gôdel Society w a s established in Vienna, the first 

president of which was Godel 's strident and friend Hao Wang . In 1992 the Society of 

' He was made a Permanent Member of the Institute in 1946, and promoted to Professor in 

1953. 
9 The last published paper apart from revisions of earlier works: 'Uber eine bisher noch nicht 
beniitzte Erweiterung des finiten Standardpunktes'. Diaievtica 1958. 
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Kurt  Gôdel was founded in Brno,  and the Society is an organiser of the International 
conference Logical Foundations of Mathematics, Computer Science and Physics -
Kurt G (kle! 's Legacy held regularly every four years. The f irst conference Godel '96 
w a s held in Brno on Augus t 25-29, 1996 on the occasion o f  G ô d e ¾ s 90'" birthday. 

2. Completeness of the l s ,-order predicate logic proof calculus 

N o w  w e are go ing to deal in more details with  G ô d e ¾ s undoubtedly greatest results, 
namely those on completeness and incompleteness. There is a question, however: 
H o w  to communicate something f rom  those ingenious thoughts to a reader enthu­
s iast ic about r igorous sc ience but not be ing a special ist in mathemat ica l logic ? There 
are at least three w a y s o f  do ing so. First, to g ive a systemat ic historical exposi t ion o f  
the deve lopment o f  ideas that led to the m a j o r Gô d e ¾ s achievements. Second, to 
outl ine a philosophical interpretation o f  the results; and third,  to enunciate basic 
ideas o f  Gôdel s work in a comprehensive way , in terms of current logical systems. 
Instead of doing the f irst,  I  b r ie f l y  summarised G ô d e ¾ s l i fe.  Now  I  wi l l  conf ine 
myse l f to a mathematical exposit ion accompanied by brief philosophical and histori­
ca l comments , because I a m conv inced that wi thout a good understanding o f  the 
mathemat ica l f undamenta l s any histor ical and phi losophical considerat ions wou ld 
no t b e wel l - founded. I wil l  not reproduce original Gô d e ¾ s formulat ions and proofs. 
Instead, 1 wil l  g i ve an exposit ion f rom  the point  o f  v i e w o f  current mathematical 
logic. I  wou ld jus t l ike to stress that G ô d e ¾ s results are mathematical facts. Despite 
a strong resemblance to Liar  paradox (and an obv ious inspiration by it)  they are no 
paradoxes, no hypotheses. 

2.1.  F i rs t  o r d e r p r e d i c a t e log ic 

In mathematical logic w e work wi th  c losed wel l - formed formulas (called sentences) 
which in a less or more precise w a y render the logical structure (meaning) o f  our sta­
tements . W e  def ine, wha t it means that a fo rmu la tp is provable ( f rom s o m e premi­
ses) and that a fo rmu la 9 is true (under s o m e interpretat ion). T h e not ions o f  provabi­
lity  and t iuth are t w o bas ic not ions of mathemat ica l logic; in wh ich way are thev re­
la ted? Ai e provable formulas exactly those thai are true (under some or cdl interpre­
tations)'.' 

T o  m a k e sense o f  this fundamenta l quest ion, w e have to expl icate the not ions o f  
formula, provability and truth. Gô d e ¾ s results on completeness and incompleteness 

are t w o  answers to our quest ion—one posi t ive (and coming up to expectations o f  

that time)  and one negat ive (at that t ime an unexpected surprise). I  wi l l  a lso try to 

elucidate a terminological confusion that is frequently caused by a nodding acquain­

tance with Gôdel s work ,  when t w o  distinct notions ol  completeness are comming­

led. comple teness o f  a proof calculus and comple teness o f  an axiomatic theory ( for ­

mu la ted wi th in a ca lcu lus) . I will  a lso dist inguish t w o not ions o f  decidability 

(Entscheidbarkei t ) : decidabi l i ty o f  a fo rmu la in a g iven theory and decidabi l i ty o f  
the who le theory. 
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Language of  the l s'-order predicate logic (FOPL)  has nowadays become a ma­
thematical stenography. Using the F O P L language we can characterise propert ies 
(denoted by predicate symbols o f  arity 1) o f  objects of a universe of discourse, and 
jz-ary relations (denoted by predicate symbols of arity n) between objects of a uni­
verse of discourse. W e can also express proposit ions that some (using existential 
quant i f ier 3 )  o r all (using universal quant i f ier V)  objects x have a property P o r are 
in a relation Q. T h e language is, however, formal: its symbols are devoid of mea­
ning, they are empty signs. The reader might  well wonder what sense it makes to 
c la im that using empty signs w e can express meaningful propositions. T h e answer is 
that w e are walk ing a subtle midway path between truly empty signs and truly mea­
ningful ones. T o  evaluate a formula w e have to interpret the formula. For instance, 
the fo l lowing formula 9 

V.Y |P(.v) •  í Q u ,  a)\  

"c la ims": for  all x it holds that if  A has a property P then this x is in a relation Q with  
an a. The question whether (p is true does not make sense until  w e know what 'P ' ,  
'Q '  and V mean. To  evaluate a truth-value of  cp w e have to choose the universe of 
discourse over which the variable .v can range. For instance, let the universe be the 
set of natural numbers N. Second, w e have to assign a subset of N to the predicate 
symbol 'P ' and a binary relation over N (i.e.. a subset of the Cartesian product NxN)  
to the predicate symbol ' Q ' .  Let P stand for  the set E of even numbers and Q fo r  the 
relation D. "div is ible by" . Third,  w e have to assign an element of N to the constant 
symbol . let it  be the number 2. Under this interpretation  the formula (p is true (all  
the even numbers are divisible by 2). W e say that the structure  

M  =  (N.  E. D,  2>, 

where the set E is assigned to the symbol i ' " ,  the relation D to the symbol ' Q '  and 
the number 2 to the symbol 'a',  is a model  o f  the formula (p. There are other models 
o f  (p, for  instance the structure 

M'  =  <N, Pos, >, 0), 

where Pos (assigned to the symbol 'P ' )  is the set o f  positive numbers, > (assigned to 
the symbol ' Q ' )  is the ordinary linear ordering of numbers and 0 is the number zero 
(assigned to the constant 'a ' ) . Under this interpretation (p claims that all the posit ive 
numbers are greater than zero, which is obviously true. The structure 

M "  =  (N.  E, D, 3 )  

is not a model of <p (it  is not true that all the even numbers are divisible by 3). It is, 
however, a model of another formula \p, namely 

3.v [P(.v) & Q(.v,c;)],  

fo r  there are such numbers that are even and divisible by 3. Formulas cp and y are 
satisf ied by a model independently of a valuation of x ;  w e say that .v is bound here 
by quantif iers (general V or existential 3 ,  respectively), and the formulas cp, v|/ are 
closed.  W e will  call closed formulas sentences.  
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Some formulas may have f ree variables. For instance the formula (P(.v) & Q(.v,«)] 
is open ; it cannot b e eva luated even if  a st ructure M "  is assigned to it b y the real isa­
t ion of ' P \  ' Q '  and V (i.e., by ass ign ing the set E to the symbo l ' P ' . the relation D 
to the symbo l 'Q" and the n u m b e r 3 to the constant symbo l V/'). because its t ruth-
va lue in M depends on a valuat ion e o f  x Valuation is a total funct ion that ass isns 
e lements of  the un iverse o f  d iscourse to variables. If  c ass igns the n u m b e r 2 to .v. the 
fo rmu la is raise, it  it ass igns the n u m b e r 6, the fo rmu la is true, it is sat isf ied by this 
valuat ion.  

Us ing these e lementary examples , w e i l lustrated a lmost all the bas ic not ions w e 

need: predicates o f  ar i ty n (here P o f  arity 1 and Q o f  arity 2), n -ary funct ional 

symbo ls (here constant a o f  ar i ty 0), var iables (here .v). logical connect ives (such as 

& ( ' a n d ), v ( ' o r ' ) . —> ( ' i t  . . .  then'). —i ( 'not ')) ,  quanti f iers ( V - ' a l ¾ , B - ' some ' ) , and 

the notion of formula,  its interpretation and a model. If a universe U o f  discourse is 

chosen, realisation of predicate symbo ls consists in ass igning subsets o f  the universe 

to symbo ls o f  arity 1. and n-ary relations over the universe U {subsets o f  Cartesian 

products U")  to n-ary predicate symbols . Constant symbols are realised as elements 

ot the universe U,  and /i-ary  functional symbo ls as mappings f rom  the Cartesian pro­

duct o f  the universe to the un iverse (U"  U) . Logical symbols such as connect ives 

(—i. & .  v ,  —>. etc.), quant i f iers (V,  3 )  and =  (identity)  are not interpreted, they have 

the f i xed standard meaning1" .  

Summariz ing: B y  M  |= cp[•]  w e denote the fact that a formula <p is satisfied by the 
structure M  and a valuation e. In other words, the formula cp is true under the 
interpretation over M, f o r  the valuation e. If  (p is true under M  for  all valuations e (of  
var iables by elements o f  the universe), then M  is a model o f  tp, or (p is valid in M:  in 
symbo ls M  f= tp. Formula <p is logically valid (logical truth), if  <p is true under every 
interpretation, denoted (= (p. 

2.2. Hilbert 's program 

Before introducing G o d e ¾ s results 1 have to br ief ly descr ibe the atmosphere in 
which they appeared. Paradoxes and conceptual problems o f  mathematics often stem 
f rom  the infinite.  Th is includes, f o r  example, Zeno 's paradoxes in Greek times, inf i ­
n i tes imals in the seventeenth century , and the paradoxes o f  set theory in the late 
nineteenth and early twent ieth centur ies. In any case, the prob lem appeared when 
mathemat ic ians began to reason with inf in i te quant i t ies. 

T h e Ge rman mathemat ic ian Dav id Hi lber t (1862 - 1943) announced his p rogram 
in the ear ly 1920s. It cal ls f o r  a formal izat ion o f  all o f  mathemat ics in ax iomat ic 
f o rm, a n d o t p rov ing the cons is tency o f  such fo rmal ax iom systems. T h e consis tency 
proof itself w a s to b e carr ied ou t us ing on l y what Hi lbert cal led " f in i ta ry "  methods. 
T h e special ep is temologica l charac te r o f  f in i tary reasoning then y ie lds the required 
just i f icat ion o t  c lassical mathemat ics . A l though Hilbert proposed his p rog ram in this 
f o r m on ly in 1921, it  can be t raced back until around 1900, w h e n he f irst pointed ou t 

10 For details and precise definitions see, e.g.. Mendelson (1997). 

- 4 5 4  -



Kurt  Gódel  

the necessity o f  g i v i n g a direct consistency proof o f  analysis. Hilbert  f i rst  thought 
that the problem had essential ly been solved b y Russe l l ' s type theory in Principia. 
Nevertheless, other fundamental problems o f  ax iomat ics remained unsolved, inclu ­
d ing the p rob lem o f  the "decidabi l i ty o f  every mathemat ica l quest ion" , wh ich a lso 
t races back to H i lbe r t ' s 1900 address. 

Wi th in  the nex t f e w years, however , Hi lbert c a m e to re ject Russe l l ' s logicist ic 

solut ion to t he cons is tency p rob lem f o r  ar i thmet ic . In three ta lks in H a m b u r g in t he 

s u m m e r of 1921 Hi lber t presented h is o w n proposal f o r  a solut ion to the p rob lem o f  

the foundat ion o f  mathemat ics . Th i s proposal incorporated H i lber t ' s ideas f r o m 1904 

regard ing d i rect cons is tency proofs , h is concept ion o f  ax iomat ic sys tems, a n d a lso 

the technical deve lopmen ts in the ax iomat izat ion o f  mathemat ics in the w o r k o f  

Russel l as wel l  a s t he fu r ther deve lopments carr ied o u t b y  h i m a n d his col laborators. 

W h a t w a s n e w w a s t he f in i tary way in wh ich Hi lber t wan ted to carry o u t h is cons is ­

tency pro ject . 
H e accepted K a n t ' s f ini t ist  v iew in the sense that w e obv ious ly cannot exper ien­

c e inf ini tely  m a n y even ts o r  m o v e about inf in i tely  fa r in space. However , there is n o 
upper b o u n d o n the n u m b e r o f  steps w e execute . N o  mat ter h o w many steps w e m a y 
have executed, w e c a n a lways m o v e a step fur ther . Bu t at any point w e wil l  h a v e 
acqu i red on ly a finite amoun t o f  exper ience a n d have taken on ly a f in i te n u m b e r o f  
steps. Thus , f o r  a Kan t ian l ike Hi lbert . the on l y leg i t imate inf in i ty  is a potential in f i ­
ni ty, not the actual inf in i ty.  T h e Kant ian e lemen t o f  H i lbe r t ' s v iew is what separates 
h is fo rma l i sm f r o m  earl ier, implaus ib le accounts . H i lbe r t ' s p rob lem, as h e s a w it, 
l ies in h o w in f in i te  mathemat ics c a n b e incorporated into the f in i te  Kant ian f r a m e ­
work . Hi lbert w o u l d say that f ini t ist  mathemat ica l t ruths, int imately bound u p wi th  
o u r percept ion, cou ld b e k n o w n a priori, w i th  comp le te cer ta inty. If  w e w e r e conten t 
wi th  f in i t ist  mathemat ics , this wou ld b e the e n d o f  t he story. Bu t Hi lbert wan ted m o ­
re than this, and r ight ly so. H e wanted t o k e e p the ext raord inary beauty , p o w e r a n d 
util ity  o f  c lassical mathemat ics , but h e a lso wan ted to d o  it  in such a way that w e 
cou ld b e fu l l y  con f iden t that no more paradoxes w o u l d ar ise. T h i s inc ludes t ransf i -
ni te set theory , abou t wh ich h e declared: " N o  o n e shal l d r ive u s ou t o f  the parad ise 
that Can to r h a s c reated f o r  u s " . " 

W h a t Hi lber t needs to d o is to s h o w that var ious par ts o f  inf in i te mathemat ics 
will  f i t  w i th  o n e ano ther and f in i te  mathemat ics in such a w a y that n o inconsistency 
cou ld b e der ived . B u t wha t is invo lved in der iv ing things, in mathemat ica l reaso­
n ing? Hi lber t f i xes o n the symbo ls themse lves . Here is the co re o f  fo rma l i sm: 
mathemat i cs is abou t symbo ls . H i lber t ' s Kant ian idea is n o w t o s tudy these symbo ls 
mathemat ica l ly , no t us ing the quest ionable inf in i ty ,  bu t rather f in i te mean ing fu l 
mathemat ics in t imate ly l inked to concrete symbols o f  c lassical mathemat ics i tself. 

" Brown (1999). Hilbert (1926, p. 170): "Aus dem Paradies. duB Cantor uns geschaffen, soil 
lifts niemand vertreiben konnen". 
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Hilbert  w a s convinced that mathematical thinking  could be captured by the syntactic 
l aws o f  pure symbol manipulat ion1 2.  

W o r k  on the program progressed signif icant ly in the 1920s and many outstan­

d ing logic ians and mathemat ic ians took part in it. such as Paul Bernays, Wi lhe lm 

Acke rmann , John von Neumann , Jacques Herbrand and, o f  course. Kur t  Godel . 

2.3. Comp le teness o f  the p roo f  ca lcu lus 

The idea o f  t init ist ax iomat isat ion is s imple: if  w e choose some bas ic fo rmu las 
(ax ioms) that a re dec idedly t rue and if w e use a f in i te method o f  app ly ing some 
s imp le ru les of in ference that preserve truth, n o fa lsehood can b e der ived f r o m these 
ax ioms ; hence n o contradict ion can b e der ived, n o paradox can arise. 

Logica l ly val id fo rmu las that are t rue under  each interpretat ion are the most 
indisputably true fo rmu las . Let u s cons ider some logical ly valid formulas: 

• D o  •••» (y  -> <?) 
(2) (<p —> ( y  —> Q )  —> ((<p _> y )  - >  (<p - >  è)) 

(3) ( icp —» - i \ |0 —> ( y  —»cp) 

(4 ) V.v (p(.v) - >  <p(c) 

(where c is a constant o r  a sui table var iable, cp(c) ar ises f r o m tp(.v) by correct 

subst i tut ing c fo r  A) 
(5) V.v (<p —> VIA))  —> (cp —> V.v YT.v)) 

(var iable v does not occur f r ee in the fo rmu la cp) 

W e  can easi ly see that (1) - (5) a re logical ly val id. For instance, (1) says that if<p 

is t rue then it is impl ied bv any y ,  wh ich is true d u e to the def in i t ion o f  mathemat ica l 

not ion o f  impl icat ion. T h e exact ver i f icat ion is however out o f  scope o f  the present 
art ic le. 

N o w  w e have to choose s o m e ru les o f  der ivat ion, wh ich wi l l  p roduce new logi­
ca l t ruths f r o m the ax ioms (1) - (5). T h e y are, f o r  instance1"1: 

i)  moduspoliem: f r o m formulas <p and (cp —> y )  derive y ;  denoted cp, (tp —> y )  |- \p. 

ii)  generalisation-, f r o m a f o r m u l a cp der ive V.v <p; denoted cp |- Vx  cp. 

T h e m o d u s ponens ru le is truth preserv ing: indeed, if  y is true on the assumpt ion 

that cp, a n d cp is true, then y mus t b e t rue as wel l . T h e general isat ion ru le is, however , 

obv ious ly not truth preserv ing; but it preserves logical truth: if  cp is logical ly val id, 

then it is sat isf ied by any structure a n d f o r  any valuat ion of var iables; hence V.v cp is 
logical ly val id as wel l . 

In advance we can state at this point that Godel's Incompleteness results showed that this 
belief in the power of symbol manipulation was not realistic. Actually. Godel's results delimi­
tate the possibilities of mechanical symbol manipulation 

More exactly, the above are schemes of axioms and rules. The system wc demonstrate here 
is nowadays known as Hilbert calculus. There are other possibilities of choosing axioms and 
rules, ot course. For instance, sequent (Gentzen) calculus or natural deduction have even fewer 
axioms (usually just one) and rather more natural rules of deduction. 
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To  make the notion of a finite  inference method perfectly precise, w e define a proof. 

A sequence of formulas <pj,.. .,<p„ is a proof, if  each formula cp, is either 
•  an axiom or 
•  (pj is derived from some previous members of the sequence < j p t , . , . u s i n g 

a derivation rule i) or ii).  

A formula (p is provable in the calculus (or theorem of the calculus, denoted |- cp) if  it  
is the last member of a proof. 

Since the axioms are logically valid (logical truths), and since modus ponens is 
a truth-preserving rule and generalisation is a logical-truth-preserving rule, it is ob­
vious that each <pj of a proof <pi,...,<p„ is a logically valid formula. Hence each prov­
able formula, theorem of the calculus, is logically valid. W e have def ined a sound 
proof calculus (if  |- cp, then |= cp). 

In 1928 Hilbert and Ackermann published a concise small book Grundzuge der 
theoretischen Logik, in which they arrived at exactly this point: they had def ined 
ax ioms and derivation rules o f  predicate logic (slightly distinct f r om the above), and 
formulated the problem o f  completeness. They raised a quest ion whether such 
a proof calculus is complete in the sense that each logical truth is provable within the 
calculus; in other words, whether the calculus proves exactly all the logically valid 
F O P L formulas. 

Gode l ' s Completeness theorem gives a posit ive answer to this question: the 
1 "'-order predicate proof calculus (with appropriate axioms and rules, like those (1) -
(5), i) and ii)  above) is a complete calculus, i.e., all the F O P L logical truths are 
provable (if  [= (p. then |- cp). 

In FOPL syntactic provability is equivalent to being logically true: |= cp O \- cp. 

There is even a stronger version of the Completeness theorem that Gôdel formu­
lated as well. W e derive consequences not only f rom logically valid sentences but 
also f rom other sentences true under some interpretation. For instance, f r om the fact 
that all the even numbers are divisible by 2 and the number 6 is even w e can derive 
that the number 6 is divisible by 2. In FOPL notation w e have: 

V.v [P(.v) - >  Qi.v.aj ' , P(£>) [- Q(b,a). 

But none of these formulas is a logical truth. Yet this derivat ion is correct, since the 
conclusion is logically entailed by the premises: whenever the premises are true, the 
conclusion must be true as wel l . In other words, the conclusion is true in all the 
models of the premises. 

T o  formulate the strong version of the Completeness theorem, w e have to def ine 
the notion of a theory and a proof in a theory. In mathematics w e o f ten need to cha­
racterise some common features of particular distinct structures. For instance, the 
structure N = (N. <), where N is the set of natural numbers and < its usual l inear 
ordering, can be characterised by a set O of the fol lowing formulas: 

V.v P(.v,.v) 
V.vVy ((P(.v,v) & Pi v, \ il  - >  A-=y] 

V.vVyV;  t(P(-v,v) & Pív. ; ) )  —> Pi.*.;!]  

<PI 

92 
<PS 
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W e  say that the set O of formulas cp|, cp2. (pi is a theory o f  partial ordering. Particular 

fo rmulas (p,, <p2, cp-, are special axioms o f  the theory O and they characterise reflexivi­

ty, anti-symmetry and transitivity, respect ively, o f  a partial ordering relation. 
If  the binary relation < is assigned to the symbol P (and variables v, c range 

over N),  each o f  these formulas is val id in the structure N. W e  also say that this 
structure is a model of the theory O. 

Moreover, f o r  any set S the structure S =  (P(S), c ) ,  where P(S) is the power set 

of S and c is the relation o f  the set-theoretical inclusion, is a model o f  the theory 
0 as wel l . 

Both the structures are a lso a model o f  {cp,, tp2, cp,, tp4},  where 

3A*Vy Pi.v. v )  <p4 

cla ims that among the elements o f  the universe at least one element ex is ts such that 
it is in a relation P with  all the elements o f  the universe. The formula 

V.vVv [P(.v,y) v P(y,.v)] cp5 

is sat is f ied by N, but not sat isf ied by S . W e  say that the set L O  {cp,. cp:, cp3, cp5) is 

a theory o f  linear ordering, and L O  u {(p4, j is the theory o f  linear ordering with  the 
least element. The power set of a set S is not ordered linearly. 

N o w  w e can def ine: a (FOPL)  theory is g iven by a (possibly infinite)  set o f  
FOPL  formulas, the special axioms. 

A proof in a theory T is a sequence o f  formulas <p, cp„ such that each cp, is ei ther 

•  a logical ax iom o r  

•  a special ax iom o f  T .  or 

•  tp, is der ived f rom  some previous members of the sequence cp,,... , us ing 
a derivation rule i)  or ii).  

A fo rmula cp is provable in T i f f  it is the last member o f  a proof in T :  w e also say 

that the theory T proves cp, and the formula cp is a theorem o f  the theory (denoted 
1 cp). A structure M  is a model of the theon T.  denoted M  \= T,  i f f  each special 
ax iom o f  T is val id in M. 

Y o u may wonder whether the calculus is sound even in the stronger sense: 
whether each theorem o f  a theory, i.e., a formula provable in the theory, is logical ly 
entai led by the special ax ioms (denoted T |= cp): in other words, whether each theo­
r e m is val id in all the mode ls of  the theory. A s  said above , the general isat ion ru le is 
not t ruth-preserv ing. F rom the fact that, e.g., an .v is even, w e cannot correct ly der ive 
that all the A'S are even . However , general isat ion o f  the f o r m cp(.v) |- V.v cp, where x is 
f r e e in cp, is intuit ively correct in case that the A in cp is any e lement o f  the universe. 
Indeed, if  cp is t rue in a model M o f  the theory f o r  any V.v cp is true in the model M 
a s we l l .  In o ther words , the general isat ion rule preserves the val idity o f  a formula in 
a mode l . F o r this reason not on ly fo rmu las sat isf ied but a lso val id in the intended 
mode l a re chosen f o r  special ax ioms. O n this condi t ion,  wh ich is tr ivial ly  met by 
sentences, the ca lcu lus is sound: if  T |- cp. then T |= cp. 
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Another natural demand on special axioms is their mutual consistency. If the 
axioms contradicted each other, anything would be entailed by them, and any for ­
mula would be provable. The theory would be useless. Thus w e def ine: 

A theory T is consistent iff  there is a formula cp which is not provable in T .  

The strong version of the Completeness theorem claims that a formula cp is prov­
able in a (consistent) theory T if and only if tp is logically entailed by its special 
axioms; in other words, iff  tp is valid in every model of the theory; in (meta) symbols: 

T (= (P <=> T I" <P-

The proof of the Completeness theorem is based on the fo l lowing Lemma: 

Each consistent theory has a model. 

W e need to prove that any formula cp that is logically entai led by T is also prov­
able in T (if  T j= (p then T |- <p). W e will  show that if  T does not prove (p then <p is not 
logically entai led by T (if  not T [- cp. then not T |= cp). Indeed, if  T is consistent and 
does not p rove cp then T extended by —icp, i.e., {T  u -icp}. does not prove cp as well 
(—i cp does not contradict T), which means that {T  u —̂cp} is consistent. Hence accor­
d ing to the L e m m a there is a model M of {T  u —.cp}; however, M is a model o f  T in 
which cp is not true, which means that cp is not entai led by T. 

Hilbert expected the Completeness theorem; this result was valuable but it was 
not a surprise. Hilbert, however, expected more. H e wanted to avoid any inconsis­
tencies in mathematics. Ari thmetic of natural numbers is a fundamental theory of 
mathematics. Consider the set co of natural numbers {0, 1, 2, . . . } .  Of ten w e say that 
there are inf initely  many of them: no matter how far w e count, w e can always count 
one more. But Cantor ' s set theory actually says something much stronger: it says, 
e.g., that the power set P(co) of all the subsets of co is a set as well , and is larger than 
u (uncountable), which means that an actual infinite exists. Platonists have n o troub­
le with actual infinit ies whi le thinkers like Kant , and later intuitionists reject them 
outright, a l lowing only potential infinit ies. For Hilbert, statements involving the infi­
nite are 'meaning less ' but useful , just i f ied by their enormous power and utility.  H e 
thought o f  these as ' ideal e lements ' that can be added to the meaningful , f inite, true 
mathemat ics as supplements to make things run smoothly and to derive new things. 
There is, however, a necessary condit ion that these elements are added in a consis­
tent way. Hilbert declares: ' there is one condit ion, albeit an absolutely necessary o n e 
connected with the method of ideal elements. That condit ion is a proof of consis­
tency, fo r  the extension of a domain by the addit ion of ideal elements is legit imate 
only if  the extension does not cause contradict ions'1 4. Hence Hilbert needed to f ind 
a consistent theory whose axioms characterise arithmetic of natural numbers com­
pletely, so that each arithmetic truth expressed in a formal language would b e logi­
cally entai led by the axioms and thus der ivable f r o m them in a f inite number of 
steps. Moreover, the set of axioms has to b e f ixed and initially  well def ined. Gode l ' s 
two theorems on incompleteness show that these demands cannot b e met. 

14 B rown (1999, p. 66). 
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3. Incompleteness 

The results on incompleteness were announced by Giidel  in 1930 and the work 
"Ube r  formal unentscheidbare Sätze der Principia Mathematica und verwandter 
Sys teme I "  w a s publ ished in 1931. Th is work contained a detailed proof of the 
Incompleteness theorem and a statement o f  the second theorem; both statements 
we re formulated within  the sys tem o f  Principia Mathematica. In 1932 Giidel  publ is­
h e d in V ienna a short s u m m a r y " Z u m intuit ionist ischen Aussagenkalk i i l " . wh ich 
w a s based on a theory that is n o w a d a y s cal led Peano ar i thmet ic. I wil l  n o w present1^ 
these revolut ionary results in te rms o f  current systems o f  mathemat ica l logic intro­
duced above. 

N o w w e are not interested j u s t in logical truths, i.e., sentences t rue under every 

interpretation of the F O P L language, bu t in sentences character is ing ar i thmet ic o f  

natural numbers wh ich are t rue under the standard (intended) interpretation, wh ich 

is the structure N: 

N = (N .  0, SN .  + „ ,  * N ,  =N ,  <N> 

where N is the set o f  natural numbers, 0 is the number zero, SN  is the successor f un ­

ct ion (adding 1). +N  is the s u m func t ion (adding natural numbers) . * N  is the multipli­

cat ion funct ion (on natural numbers) , = N  is the relation o f  identity on natural numbers, 

a n d < N  is the relation " less than o r  equa l " of  l inear order ing on natural numbers. 
In o rde r to b e ab le to create f o r m u l a s t rue in N, the a lphabet o f  the ar i thmet ic 

l anguage has to conta in a constant symbo l 0 , unary funct ional symbo l S, binary fun ­
c t ional symbo ls + and *,  and b inary predicate symbo ls =, < ;  the obv ious intended 
interpretat ion associates these symbo ls wi th  the respect ive e lements of  N. In this 
l anguage w e can express sentences l ike V.vVy (.v+v) = (v+.v). o r  3x iS(S( \ ) i  < 0) . the 
f o r m e r be ing t rue in the st ructure N, the latter be ing fa lse under this intended 
interpretat ion.1"  Actual ly , each sen tence <p o f  the ar i thmet ic language is e i ther t rue o r  
fa lse unde r the in tended interpretat ion. Hence if  a theory is to character ise N c o m ­
plete ly , i.e., to demonst ra te all the ar i thmet ic truths, there mus t no t b e a sentence 
independent o f  T ,  i.e., nei ther p rovab le n o r refutable: 

A theory T is complete if  T is cons is tent and for  each sentence <p it ho lds that 

T proves either ip or -rip, T |- <p o r  T f—icp; in o ther words , each sentence <p is 

decidable in T. 

T h e r e are incomplete theor ies. S ince accord ing to the Comp le teness theorem, 

any consis tent theory p roves jus t t he sentences entai led by the theory, to show that 

a theory is incomplete, w e need to f i nd  an independent sentence <p that is nei ther en ­

ta i led by the ax ioms o f  the theory, no r contradic ts t hem (because then the theory 

w o u l d p rove —>(p); in o the r words , a sen tence t rue in some but not all mode ls o f  the 

15 For details, see Hájek (19%). Švejdar (2002). 

* In the arithmetic language we use an infix  notation when applying symbols like '+".  
and instead of -i (S(x) =  a) we write Xr * a. 
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theory. For instance, the theory O of partial ordering introduced in the previous 
chapter is not complete: there are partially ordered sets, like the set N ordered by < N ,  
which are ordered linearly, and partially ordered sets that are not ordered linearly, 
like the power set of a set S ordered by set-theoretical inclusion. Hence the formula 
cp5 -  V x V y  [P(.Y,V) v P(V,A>]  - is independent o f  the theory O =  {cp,, tp2. 9s l - Also, the 
theory of linear ordering L O  =  {cp,, cp?, cp,, q>5} is incomplete. The sentence indepen­
dent of L O  is the sentence (p4 - 3xVy P(A,V). There are also complete theories, like, 
e.g., the theory of discrete order ing o r the theory of a successor, however the proof 
of their completeness is rather non-trivial. 

The F O P L proof calculus (with the logical axioms and rules described in the 
previous chapter) is a complete calculus: it proves all the logically valid formulas of 
FOPL. T h e calculus can b e viewed as a theory without special axioms. Th is empty 
theory is not a complete theory, f o r  instance, a s imple formula like 3A P(X) is not de-
cidable. Thus the calculus does not decide even simple arithmetic truths, fo r  gene­
rally they are not logical truths. It might seem that the calculus decides at least all 
the logical truths, since they are provable. W e will  show as a consequence o f  Go -
de l ' s first incompleteness theorem that even the problem of logical truth is not deci-
dable within FOPL . 

T o  characterise arithmetic truths, we need some special axioms formulated in the 
ari thmetic language. A s an example w e adduce a theory Q , called Robinson's arith­
metic, given by the fo l lowing seven axioms: 

V.Y ( S I  *  0 )  

V.vVy (S.Y = Sy - > \ = y I 

V.y (.Y + 0 = x,) 
V.YVV  (,Y + S V  = S(.Y + y ) )  

V.Y Of * 0  = 0 ) 

VxVv  (A* *  Sy = (A* *  y )  + A") 
V A V V  (x < y = 3 c  (z  + A = y ) )  

The theory Q characterises basic arithmetic operat ions (a successor o f  any num­
ber is not equal to zero; adding zero to any number gives as a result the same num­
ber, etc.), and the structure N is a model of the theory; Q is however a weak theory. 
General s imple statements l ike commutat iv i ty of adding or mult iplying, i.e., senten­
ces VxVy  (x+y = V+A) and VAVV  (A *  y = y *  x) cannot b e proved in Q . 

The theory Q proves only syntactically s imple sentences. Syntactical complexi ty 
of a sentence is determined by a number of alternating quanti f iers. More precisely: 
W e say that an arithmetic formula cp is fo rmed f r o m a formula vj/ by a bounded 
quantification, if  <p has one of the fol lowing forms (the binary predicate symbol ' < '  is 
being interpreted as the " less than" relation, i.e., A < y abbreviates (A < v) & - i (x  = y)): 

Vv  (v < A —» vy). 3v (v < A & v|/), V v  (v < A —» y ) .  3 V  0 '  - X & v ) .  

where v, A are dist inct variables. Quanti f iers of the above form are called bounded 
quantifiers. A formula <p is a bounded formula if  it contains only bounded quanti-
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t iers. A formula cp is a E-formula, it'  9 is fo rmed f rom  bounded formulas us ing only 
conjunction,  disjunction, existential quant i f ier and any bounded quanti f iers. 

There is an interesting, rather non-trivial  fact valid o f  Robinson's arithmetic: Q 
is ¾ cornplrte: it p roves all the I  sentences that should be provable, i.e., the I  sen­
tences t rue in N: if  a is a Z-sentence such that N |= a , then Q |- a . 

If  w e ex tend the theory Q by the s c h e m e o f  induction a xioms: 

[9(0)  & V.v (<p( v i > o (Sx i ) !  > V.v 9(.v), 

w e obta in the theory P A cal led Peano arithmetic. No te that w e added a scheme o f  

infinitely many ax ioms which can b e ob ta ined by subst i tut ing a f o rmu la f o r  9 .  Ye t 

th is theory is " reasonable" , it con fo rms to f in i t ism: w e added a "geometr ica l pat tern" 

o t  io rmu las . T h u s in P A w e have a f in i te n u m b e r o f  structural relat ions in w h i c h the 

f o rmu las s tand t o each other, and prov ing in the theory does not invo lve a p rocedure 

that w o u l d make re ference to actual inf in i ty.  

The st ructure N is a standard model o f  PA . Each n u m b e r n e N is denoted by 
a te rm o f  the ar i thmet ic language, namely the te rm S S . . . S 0 (the /;'h successor o f  the 
cons tan t 0 ) . cal led the n"'-numeral. W e use an abbrev iated notat ion: n. 

Peano ar i thmet ic is rather a s t rong theory and many laws o f  ar i thmet ic are prov­

ab le in it;  however , it  is not a comple te theory : there is a sentence 9 that is t rue in N 

bu t no t p rovab le in PA . And , o f  course. -19 is not provable as wel l , because —19 is 

not true in N and PA proves only sentences true in its models. Y o u might attempt at 

add ing s o m e more "geometr ical patterns o f  fo rmu las" as axioms, so that to complete 

the theory. Providing a f inite  number o f  such 'structural relations' (i.e. ax ioms o r  

ax iom schemas) could be found, Hi lbert 's goal would be completed. Unfortunately it 

is not possib le. Incompleteness is not a special feature o f  Peano arithmetic: any " rea­

sonab le " theory o f  ar i thmet ic is incomple te . T h o u g h there is a naive comp le te theory 

o f  ar i thmet ic (cal led true arithmetic), it canno t meet the f init ist ic  d e m a n d s on invol­

v ing on ly such procedures that m a k e n o re ference ei ther to an inf in i te n u m b e r o f  

structural proper t ies o f  fo rmu las o r  t o an inf in i te number o f  operat ions o n fo rmulas . 

T o  state these resul ts more precisely, w e have to de f ine what is mean t by a reason­
ab le theory: 

A theory T i s recursively axiomatized if  there is an algori thm1 that f o r  any for ­

m u l a 9 dec ides whether 9 is an ax iom o f  the theory o r not. 

W e a l so need a not ion o f  ar i thmet ic soundness: A theory T is arithmetically 
sound, if  all ar i thmet ic sentences provab le in T are val id in N. 

Godel's first theorem on incompleteness: let T be a theory that conta ins Q (i.e., 
the language o f  T conta ins the language o f  ar i thmet ic and T p roves all the 
ax ioms o f  Q) . Let T be recursively ax iomat ized and ar i thmet ical ly sound . T h e n 

We use the notion of algorithm in an intuitive way here: a finite procedure that for any input 
formula <p gives a "Yes / No" output in a finite number of steps. Due to Church's thesis it can 
be explicated by any eompiiMiionat model, e.g.. Turing machine. 
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T is an incomplete theory, i.e., there is a sentence (p that is not dec idable in T :  T 

proves neither tp nor -nip. 

Note: Actua l ly .  Godel proved the theorem on the assumption o f  the theory be ing 
omega-consistent. Omega-consistency is a technical concept which appl ies to 
a theory T if,  f o r  no property P. (i)  T proves the general proposit ion that there 
ex is ts some natural number with  the property P, but (ii)  f o r  every spec i f ic natural 
number n. T proves that n does not have the property P. Th is is most ly o f  techni­
cal interest, s ince all t rue fo rma l theor ies o f  ar i thmet ic, i.e., theor ies t he ax ioms 
o f  wh ich are t rue in N, a re omega-cons is tent . No te that omega-cons is tency im­
pl ies cons is tency, but no t v ice versa. Later J. Bark ley Rosser s t rengthened the 
theorem and p roved that the assumpt ion on T be ing ar i thmet ical ly  sound (or N 
be ing a mode l of  T )  c o u l d b e weakened by the assumpt ion o n cons is tency o f  T .  

It shou ld b e c lear n o w w h a t Gode l proved: it is not poss ib le t o find a recurs ively 

ax iomat ized cons is tent theory , in wh ich all the t rue ar i thmet ic sen tences abou t natu­

ral numbe rs cou ld b e p roved . Feasibi l i ty o f  a theory certainly invo lves the abi l i ty to 

recogn ize whe the r a f o r m u l a is an ax iom o r  not , i.e., the a x i o m s o f  t he theory have 

t o b e recurs ively de f i ned ; o the rw ise w e cou ld not execu te t he p roo f . Hence , comp le ­

teness of ar i thmet ic and recurs ive ax iomat izat ion a re t w o dist inct goa ls w h i c h canno t 

b e me t both together . 
In wha t f o l l ows w e j u s t out l ine the ma in ideas o f  the proof . First w e h a v e to in­

t roduce G ó d e ¾ s method o f  arithmetization of metamathematics. Wel l - fo rmed for ­
mu las are sequences of symbo ls , p roo fs a re sequences o f  fo rmu las , and the set o f  
these sequences is coun tab le . Hence it is poss ib le t o de f i ne a n u n a m b i g u o u s numbe­
ring of all the fo rmu las a n d p roo fs (expressed in the language o f  a recurs ively de f i ­
n e d theory T ) .  Gôde l de f ined a one-to-one mapping gn  ( G ô d e ¾ s number ing) ass ign­
ing to each fo rmu la (p a n d t o each proof d (in the theory T )  a natural n u m b e r gn(<p), 
gn(d) , respect ively. M o r e o v e r , G o d e l ' s def in i t ion o f  the m a p p i n g is effective: there 
is an algorithm that ca lcu la tes the va lue o f  g n  at each f o r m u l a o r  p roo f , a n d there is 
a lso an a lgor i thm that to each G o d e l ' s n u m b e r calculates its inverse syntact ic image. 

T h e techn ique o f  n u m b e r i n g is not important . A n y  we l l -de f ined e f fec t i ve one- to -

o n e mapp ing can se rve the goal . The re fo re w e wil l  use notat ion <(p> f o r  a c o d e o f  

a f o rmu la <p. Howeve r , w h a t mat ters is the fact that d u e to unamb iguous cod ing o f  

syntact ic ob jec ts by natural numbe rs fo rmu las and o ther syntact ic ob jec ts c a n b e 

ident i f ied w i th  natural numbers , and sets o f  fo rmu las can b e cons idered a s sets o f  na­

tural numbers . T h u s , f o r  instance, w e can ask whether a set o f  f o rmu las is recurs ive. 
T o  r e m e m b e r bas ic no t ions o f  the theory o f  recurs ive func t ions , w e  br ie f ly  reca­

pi tulate: (part ia l ) recursive functions are exact ly those func t i ons that a re a lgor i thmi -
cal ly computab le . A set S is recursively enumerable if  the re is a part ia l recurs ive 
f u n c t i o n / s u c h that S is a d o m a i n o f / :  Dom( / ) = S. A set S is a (general) recursive 
set if  its character ist ic f unc t i on is a (total) recurs ive func t ion . 

W e wil l  a lso need the not ion o f  a set definable by a formula: Le t D = (D, . . . ) b e an 

interpretation structure f o r  a language L .  W e  say that a fo rmu la cp(.v/ , . . .^) o f  L .  where 

variables xt, V( are f ree in (p, defines a set A in D if  A is the set o f  those ̂ - tuples o f  
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elements ai,...,m of D (i.e., A c D*)  for  which the formula cp is satisfied: 
D |= (p(.v;,—\(,)[e] for a valuation e that assigns elements a, a* to variables xh xk. 

Note that fo r  any arithmetic formula cp(.v, Xt) the definability of  a set A in the 
standard model N. i.e.. the condition N f= (p(.v;, where e assigns numbers 
" i  ' h  to variables .v;,...,.vø, is equivalent to N f= cpOz 

The second ingredient of the incompleteness proof is the J?icompleteness of the 
theory Q. W e aie going to prove that PA and any (recursively axiomatizable) stron­
ger !  : order theory are incomplete. On the other hand there is a class of ^- formulas 
such that each i.-sentence true in N is provable in Q. An important property o f  the 

class of X-formulas is its exact correspondence to algorithmic computabil ity: X-for-

mulas def ine just all the algonthmically computable, i.e., recursively enumerable 

sets of natural numbers. Now the set Thm(T) of Godel 's numbers of those formulas 

that are provable in T (theorems of T )  is definable by a X- formula" , which Gôdel 

denoted by Bewix) beweisbar , w e will  use Prix). Hence: cp is provable in T if  

and only if  <cp> e Thm(T),  i.e., the sentence Prj<(p>) is valid in N, which is equiva­

lent to N |= Pr(<cg>), where <cp> is the numeral denoting Godel 's number of  (p. 
The third ingredient is Godel's diagonal lemma: For any formula \|/(x) of the 

arithmetic language with one free variable there is a sentence <p such that <p = y 
(<(••») is provable in Q. 

Hence the equality Q f~ (p = \i/(<cp>) with one unknown sentence (p has always, 
for  any vp, a solution, and the solution is independent of coding. We could say in 
a rather metaphoric way that tp says "I  have a property \p". The proof of the lemma 
also contains the self-reference element, and it is not diff icult.  However, particular 
non-trivial applications or the self-reference lemma are targets of importance. What 
matters is a proper choice of the formula vp(.v) so that the equality Q |- <p = ti/(<(g>) 
had a solution tp with some interesting properties. The authors of particular non-
trivial  applications are thus known as the authors ot self-reference formulas. 

An interesting self-reference application has been proposed by Alfred Tarski. He 
iaised a question whether it is possible to reproduce Epimenides Liar paradox in 
arithmetic, i.e., to f ind a sentence claiming "I  a m not true \ Though ft is possible to 
def ine Truth,, (in the standard model N) for some subsets of formulas, a uniform de­
finition  of Truth for  all arithmetic formulas is impossible. There is no arithmetic for­
mula Tr(.r) that would def ine the set Th(N)1"  of coding numbers of formulas true in 
N (true arithmetic). Tarski statement can be formulated more generally: 

Let T be any consistent theory containing Q. Then there is no arithmetic formula 
Tr(.v) such that for  any arithmetic formula (p it holds that T [- tp = Tr(<cp>). 

T h i s  f a c t f o l l o w s  f r o m  t h e r e c u r s i v e a x i o m a t i z a t i o n o f  T .  R o u g h l y : s i n c e t h e s e t o f  a x i o m s i s  

a l g o r i t h m i c a l l y c o m p u t a b l e , s o  i s  t h e s e t o f  p r o o f s a n d s o  i s  t h e s e t T h m ( T )  o f  f o r m u l a s 

p r o v a b l e i n  T .  H e n c e T h m ( T )  i s a r e c u r s i v e l y e n u m e r a b l e s e t , w h i c h  i m p l i e s t h a t T h m ( T )  i s  

d e f i n a b l e b y  a I - f o r m u l a .  

1 9 S o  w e  u s e t h e n o t a t i o n T h ( N ) — t h e o r y ( f o r  t r u e a r i t h m e t i c ) a n d T h m ( T ) — f o r  t h e s e t o f  
t h e o r e m s o f  T .  
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Proof. Suppose that Tr(.v)  ex is ts . Then according to the diagonal lemma fo r  the 

formula -iTr(.v)  there is a sentence co such that Q |- co =  —iTr•<co>).  Since the the­

ory T conta ins Q .  it a lso ho lds that T f- co = - iTr(<co>). S ince the disquotation 
schemeis val id f o r  the f o rmu la Tr(.v), w e h a v e T \- co = Tr(<to>). It fo l lows 
f r o m both the equ iva lences that T p roves co —> -nto a n d • -to —> co, wh ich means 
that T p roves co & ->co. T h i s contradic ts the assumpt ion o n cons is tency o f  T .  

Tarsk i s ta tement is k n o w n as the impossibi l i ty to d e f i n e T ru th in a theory. In 
part icular it means that there is n o fo rmu la Tr(.v) such that f o r  any sentence <p the 
fo l low ing  equ iva lence w o u l d ho ld : N [= <p if  and on ly if  N [= Tr(<cp>). 

T h e d iagonal se l f - re fe rence l e m m a c a n be , o f  course, a lso appl ied to a fo rmu la 

V|/(.Y) that is k n o w n to exist . G o d e l ' s sentence c la ims " I  a m n o t provable" , Rosse r ' s 

sentence says that "each m y p roo f is p receded by a smal le r p roo f of  m y negat ion" . 

H e n c e the last idea of G o d e l ' s incomple teness proof is: app ly t he d iagonal l e m m a on 

the f o rmu la Pr{x). W e  ob ta in Gôcle¾s diagonal formula v such that Q p 

—iPr(<v>)). T h u s w e have : 

v i f f  < v >  g T h m ( T ) i f f  v i s  no t p rovab le in  T .  

T h i s reminds us o f  the L ia r  paradox : the sentence c la im ing " I  a m n o t t rue" is nei ther 
t rue no r fa lse. Góde l w a s inspired by such diagonal paradoxes. However , w e have to 
keep in mind  that there is a substantial distinction:  whereas Epimenides' sentence 
cannot be even expressed in the language o f  arithmetic" 1,  the fo rmula v can be con­
st ructed as a we l l - fo rmed f o rmu la o f  the language. 

N o w v is independent o f  T .  It is t rue in N but not p rovab le in T :  indeed, if  it w e r e 
provab le in T ,  then the f o rmu la Prj<v>)  w o u l d b e t rue in N. T h i s fo rmu la is how­
eve r a X- fo rmula , wh ich m e a n s that it is p rovab le in Q a n d thus in T as wel l . N o w 
Pit<v>) = —iv, wh ich m e a n s that —>v is p rovab le in T .  W e  have der ived that both 
v and —iv are provab le , w h i c h m e a n s that T is inconsistent . B u t it is not , because it 
has a model N. W e  h a v e t o re fu te the assumpt ion tha t v is provable. H e n c e 
—\Pr(<v>) is t rue in N and v is t rue in N, but v is no t p rovab le : T is not comple te , it 
d o e s not demonst ra te all the t ru ths o f  ar i thmet ic. 

T o  make these resul ts m o r e comprehens ive , w e n o w br ie f ly  recapi tu late the main 

s teps o f  the who le a rgument : 

1. A theory is adequate if  it encodes f in i te sequences o f  numbers and de f ines 
sequence opera t ions such as concatenat ion. A n  ar i thmet ic theory such as 
Peano ar i thmet ic ( P A ) is adequate (so is, e.g. , a set theory) . 

2 . In an adequa te theory T w e can encode the syntax o f  te rms, sentences (c losed 

fo rmu las ) a n d p roo fs . Th i s  fac t m e a n s that w e c a n ask wh ich facts about 

provabi l i ty in T a re p rovab le in T itself. Le t u s deno te t he c o d e o f  9 as « p > . 

20 The scheme is known as "It  is snowing if  it is snowing": the sentence co is true in N iff  its 
code is an element of the set defined by Tr(.v): co s Tr(<co>). 
21 The set Th(N) of numbers that encode true sentences Of arithmetic is not definable by any 
formula (p. 
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3. Self-Reference (diagonal) lemma: For any formula cp(.v) (with  one free va­
riable) in an adequate theory there is a sentence y such that y iff  cp(<v[/>). 

4 . Let Th(N) be the set of numbers that encode true sentences of arithmetic (i.e. 
formulas true in the standard model of arithmetic), and Thm(T) the set of num­
bers that encode sentences provable in an adequate (sound's theory T. Since the 
theory is sound, the latter is a subset of the former: Thm(T) c Th(N). It would 
be nice if  they were the same: in that case the theory T would be complete. 

5. N o such luck if the theory T is recursively axiomatized. i.e., if the set of 
axioms is computable in the fol lowing sense: there is an algorithm that given 
an input formula <p the algorithm computes a Yes / No answer to the question 
whether (p is an axiom or not. Computabil ity of the set of axioms and comple­
teness of the theory T are two goals that cannot be met together, because: 

5.1. The set Th(N) is not even definable by an arithmetic sentence (that 
would be true if  its number were in the set and false if  not): Let n be 
a number such that n g Th(N). Then by the Self Reference (3) there is 
a sentence tp such that « p > = n. Hence <p iff  « p > g Th(N) iff  <p is not 
t rue in N iff  not <p - contradiction. There is no such (p. Since undef i-
nable implies uncomputable there will  never be a program that would 
decide whether an arithmetic sentence is true o r false (in the standard 
model of arithmetic). 

5.2. The set Thm(T) is def inable in an adequate theory, say Q: for  any for­
mula <p the number <(p> is in Thm(T) iff  cp is provable, for: the set o f  
axioms is recursively enumerable, i.e., computable, so is the set o f  
proofs that use these axioms and so is the set of provable formulas and 
thus so is the set Thm(T). Since computable implies def inable in adequ­
ate theories, Thm(T) is def inable. Let n be a number such that 
n g Thm(T). By the Sell Reference (3) there is a sentence cp such that 
« p > = n. Hence <p iff  <tp> g Thm(T) iff  cp is not provable. Now if  (p is 
false then ip is provable. This is impossible in a sound theory: provable 
sen-tences are true. Hence cp is true but improvable. 

Now you may wonder: if w e can aigorithmieally generate the set Thm(T), can ' t 
w e obtain all the true sentences o f  ar i thmetic? Unfortunately, w e cannot. N o matter 
how far shall we generate w e will  never reach all of them: there is no algorithm that 
would decide every formula, and there will  a lways remain independent true formu­
las. W e def ine: 

A theory- T is decidable if  the set Thm(T) of formulas provable in T is (generally) 
recursive. 

If  a theory is recursively axiomatized and complete, then it is decidable. However, 
one of the consequences of Gode l 's incompleteness theorem is: 

No recursively axiomatized theory T that contains Q and has a model N, is deci­
dable: there is no algori thm that would decide every formula (p (whether it is prov­
able in the theory T or not). For, if  w e had such an algorithm, w e could use it to ex­
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tend the theory so that it were complete, which is impossible if  the theory T is con­
sistent (according to Rosser 's improvement of O o d e¾ s first theorem). 

Denoting Ref(T) the set of all the sentences refutable in the theory T (i.e. the set 

of all the sentences (p such that T |—iip), it is obvious that also this set Ref(T) is not 

recursive. Now w e can illustrate mutual relations between the sets Thm(T). Th(N), 

and Ref(T) by the fol lowing figure:"" 

Th(N) Thm(T) RefiT) 

Ax ioms 

If  the (consistent) theory T is recursively axiomatized and complete, the sets 

Thm(T), Th(N) coincide, and Ref(T) is a complement of them. 
Another consequence o f  the Incompleteness theorem is the undecidabil i ty of the 

prob lem of logical truth: T h e F O P L proof calculus is a theory without special 
ax ioms. Though it is a complete calculus (all the logically valid tormulas are prov­
able), as an "empty " theory it is not decidable: there is no algori thm that would deci­
d e any formula ip whether it is a theorem or not (which equivalently means whether 
it is a logically valid formula o r not). The problem of logical truth is not decidcible in 
FOPL. For, Q is an adequate theory with a finite number of axioms. If Q1....Q7 a r e  ' t s  

axioms (closed formulas), then a sentence <p is provable in Q iff  (Q, & . . . & Q7)  —> cp 
is provable in the FOPL calculus* . and so (Q | & . . . & Q7) —> cp is a logically valid foi-
mula. If  the calculus were decidable so would be Q , which is not. 

A lonzo Church proved that the proof calculus is partially decidable: there is an 
algor i thm, which at an input formula (p that is logically valid outputs the answer Yes. 
If  however the input formula (p is not a logical truth the algori thm may answer no o r 
it can never output any answer. 

Gódel discovered that the sentence v claiming "I  am not provable" is equivalent 

to the sentence x claiming "There is no <(p> such that both <cp> and <—icp> are in 

Thm(T)" . T h e latter is a formal statement that the system is consistent. S ince v is not 

provable, and v and x are equivalent, x is not provable as well. Thus w e have: 

Gdde¾s Second Theorem on incompleteness. In any consistent recursively axio-
matizable theory T that is strong enough to encode sequences of numbers (and 
thus the syntactic notions of "formula' ' ,  "sentence", "proof")  the consistency of 
the theory T is not provable in T.  

See Svejdar 2002. 
2 3 Here we use a Theorem of deduction: Qi & ... &  Q„ \ cp iff  Q j  & . . , & Q„.i |- Q„ —»"<p. 
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The second incompleteness theorem shows that there is no hope o f  proving, e.g.. 
the consistency of the f irst-order arithmetic using f i n i t i s t means provided w e accept 
that f lni t ist  means are correct ly formal ized in a theory the consistency o f  which is 
provable in PA. A s Georg Kreisel remarked, it would actually provide no interesting 
information  if  a theory T proved its consistency. This is because inconsistent theo­
r ies p rove everyth ing, inc lud ing thei r consistency. T h u s a cons is tency proof o f  T in 
T wou ld g ive us n o  c lue as to whe the r T really is consistent. 

O n e of the f irst to recogn ize the revolut ionary s ign i f icance o f  t h e incompleteness 

resul ts w a s John von N e u m a n n (Hungar ian-born bri l l iant mathemat ic ian) w h o even 

a lmos t ant ic ipated Gô d e ¾ s second theorem on incompleteness. Others were s lower 

to absorb the essence o f  the problem and to accept its solution. For  example. Hi!  

bert s assistant Paul B e m a y s had d i f f icu l t ies with  technicalit ies"4 o f  the proof that 

w e r e cleared up only a f ter repeated correspondence. Godel 's breakthrough even 

d rew sharp crit icism,  which w a s due to prevai l ing conviction that mathematical 

thinking  can be captured by l aws o f  pure symbol manipulation, and due to inability  

to make the necessary distinctions involved, such as that between the notion o f  truth 

and proof. Thus, f o r  instance, the f amous set-theorist Ernst Zermelo interpreted the 

latter in a w a y that leads to a pure contradiction with  G ô d e ¾ s results. 

3.2. R e s e a r c h a f t e r G o d e l 

Let  m e c lose this section by mak ing a remark that Godel incompleteness theorems, 
especial ly the celebrated 2 n d  Incompleteness Theorem, not only is a brilliant  result 
which logicians are proud of and which can be ref lected phi losophical ly; it a lso 
p lays the role of a usefu l technical tool f o r  proving theorems about meta-mathema-
tics of axiomatic theories. Therefore I  would l ike to mention the fact that an interes­
t ing research inspired by Gode l cont inued also a f te r G o d e l .  ̂

S ince n o reasonable ax iomat ic theory T can prove its o w n consis tency, a theory 
S capab le of prov ing the cons is tency o f  1 can be v iewed as cons iderab ly s t ronger 
than T .  O f  course, cons iderab ly s t ronger impl ies non-equiva lent . T h e Levy Ref lec­
tion Principle, wh ich is non-tr iv ia l but a lso not s o d i f f i cu l t  t o p rove, says that Ze rme-
lo-Fraenkel set theory Z F  p roves cons is tency o f  each o f  its f ini tely  ax iomat ized sub-
theor ies. S o by Gode l 2 Incomple teness Theorem, fu l l  Z F  is cons iderab ly s t ronger 
than any o f  its f ini tely  ax iomat ized f ragments . Th is in turn y ie lds a s imp le proof that 
Z F  is not f ini tely  ax iomat izab le . T h e same, with a s imi lar but a little  bit more c o m ­
pl icated proof , is t rue o f  P A . A lso Z F  proves the cons is tency o f  P A . 

A s  to the research a f te r G o d e l . I wan t to ment ion the Gen tzen consis tency proof , 
P u d l a k ' s extens ions o f  Gode l 2"J Incompleteness T h e o r e m a n d the connect ions o f  
Gode l Theo rem to moda l logic. 

Gerhard Gentzen, a round 1940. ra ised the fo l low ing  quest ion: once w e k n o w 
that cons is tency o f  Peano ar i thmet ic P A  cannot be p roved in P A  itself but can be 

" The technical device used in the proof is now known as Godel numbering. 

° These remarks were formulated by Vítìzslav Švejdar. I  am deeply grateful for them. 
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proved in ZF.  what exactly o f  all the set-theoretical machinery is necessary to prove 
consistency of P A ? Gentzen's answer was: all we need is to know that the 
(countable) ordinal e0.  defined as the limit  or ordinals 1. 01. to", ... is well founded, 
i.e., it is not a majorant o f  an infinite  decreasing sequence of ordinals. 

Pavel Pudlak in 1980 's showed that Godel 2"d Incompleteness Theorem holds 
also for very weak fragments of PA, and if  careful ly (reformulated, it holds for  the 
Robinson's arithmetic too. He also proved a quantitative version of Gódel 2IKi  

Incompleteness Theorem, saying that statements of the form "there is no proof o f  
contradiction the length o f  which is less than n \  while provable in T if T sat isf ies 
usual requirements, only have proofs the lengths of which grow very rapidly with  n. 

Provability logic is a modal prepositional logic where the usual modal operator 
(Box)  is interpreted as formal provability in some fixed axiomatic theory extending 
arithmetic. Then e.g. —1 False (not provable False) is a modal formula which can be 
read "contradiction is unprovable in T" .  Its arithmetical counterpart is the formalized 
consistency statement which, by Godel 2nd Incompleteness Theorem, cannot be pro­
ved in T. So -1 . False is an example of a non-tautology of provability logic. Since 
-.¾. False is a formula equivalent to ¾ False —> False (provable False implies False), 
this example also shows that the scheme ¾ A —> A is not an acceptable axiom scheme 
for  provability logic. On the other hand, the formula —1 False —> - T  —T False ("if  
a contradiction is not provable then the statement that a contradiction is unprovable is 
unprovable") is an example of  a tautology of  provability logic. Provability logic w a s 
investigated in parallel by several researchers (in Amsterdam, Italy,  U.S.A.,  Swe­
den). Its ari thmetical completeness theorem was proved by R. Solovay in 1975. Pro­
vability logic is interesting for  both mathematic ians and philosophers: it combines 
metamathematical investigations with modal- logical tools like Kripke semantics. 
Out of several papers deal ing with provabil i ty logic I can recommend Sve jdar ' s 
(2000), f rom which some explanat ions and symbol ism above are taken. 

There are some extensions o f  provabil i ty logic obtained by employing addit ional 
"modal i t ies". For example, interpretability logic uses, besides fo r  "proves" , a bi­
nary modali ty operator •  for  "interprets". It  is designed for  research on ( syntact ic) 
interpretability o f  axiomatic theories. The concept of syntactic interpretability is dis­
tinct f r o m the concept o f  semant ic interpretation introduced above. Slightly simpli­
f ied, a theory T is said to be interpretable in a theory S iff  the language of T can b e 
translated into the language of S in such a way that S proves the translation of every 
theorem of T .  Of  course, there are some natural condit ions on admissible transla­
tions here, such as the necessity fo r  a translation to preserve the logical structure o f  
formulas. Th is concept, together with weak interpretabil ity, was introduced by Al­
f red Tarski in 1953. However, intensive research has been pursued in Prague; o n e o f  
the important results that st imulated the interest in interpretability was Petr H á j e k ' s 
observation that Zermelo-Fraenkel set theory ZF  and Godel-Bernays set theory GB,  
though identical as to provability o f s e t sentences, d i f fer  in interpretability. 

Connections of Godel theorems to interpretability logic are given by the fol lo ­
wing two facts. First, there is a generalization of the Second Incompleteness Theo­
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rem say ing that a consistent theory T can interpret no theory S such that S is an ex­
tension of T a n d S proves cons is tency of T .  Second, it S proves consis tency o f  T 
then S interprets T .  Th i s second fac t can b e obta ined by formal iz ing Gódel comple­
teness theorem in S. 

4. Concluding remarks 

N o w  I wou ld like to ment ion s o m e propert ies o f  ar i thmet ic models . F rom the C o m ­

pactness theorem" ' it can be easi ly der ived that there are lion-standard models21 o f  

a recurs ive ly- formal ized ar i thmet ic. A non-standard model is o n e that const i tutes 

a structural interpretat ion of the fo rma l theory that is admittedly different f r o m the 

in tended one . B y  structural interpretat ion 1 mean interpretat ion where isomorph ic 

mode l s c o u n t as the same interpretat ion. 
T h e ex is tence o t non-standard mode ls c a n b e a lso der ived f r o m the s t ronger ver­

s ion of the Comple teness theorem. Rough ly : a f o rmu la <p is p rovab le in a theory T i f f  
(p is logical ly entai led by its special ax ioms: T [= tp iff  T [- cp. N o w the sentence v is 
no t p rovab le in T ,  hence v is not val id in every model o f  T .  It is howeve r val id in the 
s tandard mode l N, wh ich is a mode l o f  T .  Eve ry mode l isomorphic to N is a lso a m o ­
del o f  T ;  v is howeve r not valid in every mode l o f  T .  Hence T must have a non­
s tandard mode l . 

F r o m the po in t of  v i ew of captur ing the in tended interpretat ion, i.e., character i ­
z ing the set o f  natural numbers comple te ly , the ex is tence o f  non-standard mode ls 
coun ts as a fa i lure of the fo rmal l anguage to capture the semant ics fu l ly .  T h e special 
ax i oms o f  the theory d o not " impl ic i t ly  de f i ne " the intended model , the cons is tency 
p rob lem becomes crucia l . Ord inary mathemat ica l pract ice amounts to a s tudy o f  the 
' in tended interpretat ion ' . Bu t if mathemat ics is not on ly a "sc ience o f  quant i ty " but 
a fu l ly  fo rmal ized disc ip l ine that d r a w s conc lus ions logical ly impl ied by any g iven 
set o t  ax ioms, and if a mathemat ical in fe rence in n o sense depends upon a n y special 
mean ing that may  be associated with the te rms and formulas, the quest ion whe the r 
the g iven set o f  ax i oms is internal ly consis tent s o that n o contradictory theorems can 
b e der ived, becomes crucial . If  the ax ioms a re s imul taneously true o f  s o m e sequen­
ces o f  numbers , they canno t be incompat ib le . But the mode ls o f  ar i thmet ic a re c o m ­
posed o t inf in i te n u m b e r of e lements , wh ich makes it impossib le to encompass the 
mode l s in a f in i te number of observat ions; hence the truth o f  the ax ioms themselves 
is a sub jec t o f  doubt . Us ing the ax iom o f  induct ion w e can on l y check that a f in i te 
n u m b e r o f  ob jec ts are in the agreement wi th  the ax iom. Bu t the conc lus ion involves 
an ext rapolat ion f r o m a f in i te  to an inf in i te set o f  ob jects . Hence Hi lbert sought an 
'abso lu te ' p roof o f  consis tency. Unfor tunate ly n o such absolute proof will  ever b e at 
hand .  

II a formula (p is logically entailed by a theory T (T |= ip), then there is a finite subset F of T 
such that (p is entailed by F (F |= cp). 

-1 See a nice exposition on non-standard models by Haim Gaifman (2003). 
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You may pose another question: Which of the models is the standard one? 

Which sequence of  objects constitutes the subject matter of  the inquiry,  "wha t is it 

all about"'? It can b e characterized by a minimality condition"":  it is the smallest 

model, included as an initial  segment in any other model. It  the model is non-stan­

dard, then it wil l  b e revealed by a proper initial  segment that is c losed under the suc­

cessor funct ion. Formal ly , the character izat ion is expressed by the induct ive scheme: 

(I)  [ P ®  & V.Y ('N(.Y) ~> (Pi v! > P(S.v))] •> V.Y [N(.v)  - >  P(.v)],  

where N(.v)  stands f o r  '.v is a natural number' , and 'P( ) '  stands fo r  any predicate. 

A n y  w f f  o f  the language can b e substituted fo r  'P( ) ' .  The concept of  the natural 

number sequence is however not language dependent. The absoluteness of  the con­

cept can be secured, if  w e he lp ourselves to the standard powe r set of some inf in i te 

set; f o r  then w e can treat ' P ' as a variable rang ing ove r that p o w e r set. In o ther 

words, w e sh i f t the sys tem into the 2nd order. Bu t this is h ighly unsat isfactory. 

Quot ing f r o m G a i f m a n (2003) : 

[ . . . ]  it bases the standard number sequence on the much more problematic shaky 
concept of the standard power set. It is. to use a metaphor of Edward Nelson, like 
establishing the credibility of a person through the evidence of a much less credible 
character witness. The inductive scheme should be therefore interpreted as an open-
ended meta-commitment: 
(II)  Any non-vague (crisp) predicate, in whatever language, can be substituted tor ' P ' 

in (I). 
As Van McGee expresses it, if God himself creates a predicate, then this predicate 
can be substituted for  'P ' . One. who has reservations about actual infinities, can still  
doubt the conception of the standard number sequence, but these doubts do not gain 
additional support f rom the existence of non-standard models. 

T h e second-order theor ies (of real numbers , o f  complex numbers , and o f  Eucl i ­
dean geometry) d o have complete axiomatizations. Hence these theor ies have n o 
true but unprovab le sentences. T h e reason they escape the incompleteness is their 
inadequacy: they c a n ' t encode and computab ly deal with f in i te  sequences. T h e pr ice 
w e pay fo r  the 2"d-order comple teness is,high: the second-order ca lcu lus is not (even 
partially) decidable. W e cannot algor i thmical ly generate all the 2"d-order logical 
truths, thus not all the logical t ruths are provable, the 2n d-order ca lcu lus is not se-
mantically complete. 

T h e consequences o f  G o d e l ' s two theorems are c lear and general ly accepted. 
First o f  all, the formal is t bel ief in ident i fy ing truth wi th  provability is dest royed by 
the f irst incomple teness theorem. Second, the impossibi l i ty o f  an absolute (accept­
ab le f r o m the f init ist  point o f  v iew) consistency proof is e v e n more destruct ive f o r  
Hi lber t 's p rogram. T h e second G o d e l ' s theorem makes the not ion o f  a f init ist  state­
men t and f init ist  p roof h ighly problemat ic. If  the not ion o f  a f ini t ist  proof is iden­
t i f ied with a proof fo rmal ized in an ax iomat ic theory T ,  then the theory T is a very 
week theory. If  T sat is f ies s imple requirements, then T is suspected o f  inconsistency. 

: s  Now I refer to II.  Gaifman (2003). 
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In other words, it  the notion of linitist  proof means something that is non-trivial  and 
at the same t ime non-questionable and consistent, there is no such thing. 

Though it is almost universal ly bel ieved that Godel 's results destroyed Hi lbert 's 
program, the program w a s very inspir ing fo r  mathematicians, phi losophers and logi­
c ians. S o m e th inkers c la imed that w e shou ld be formal is ts anyway: 9 .  Others, l ike 
Brouwer , the la ther o f  modern const ruct ive mathemat ics , bel ieve that mathemat ics is 
f i rst a n d fo remos t an act ivi ty: mathemat ic ians d o not d iscover pre-ex is t ing things, as 
the Platonist ho lds and they d o not manipu la te symbols , as the formal is t holds. 
Mathemat ic ians , accord ing to Brouwer , m a k e th ings. S o m e recent intui t ionists seem 
to stay somewhere in between: be ing onto logical realists they admi t that there are 
abstract ent i t ies w e d iscover in mathemat ics , but at the same t ime be ing semant ic 
intui t ionists they c la im that these abstract ent i t ies " d o not ex is t " unless they are well  
de f ined by a construct ive1 0 f o rma l proof , as a sequence o f  j udgemen ts3 ' .  

Poss ib le impact o f  G o d e l ' s resul ts on the ph i losophy o f  m ind , art i f icial intell i­
gence . a n d o n Platonism migh t be  a mat ter o f  d ispute. Gode l h imsel f suggested that 
t he h u m a n m ind c a n n o t b e  a mach ine and that P la ton ism is correct. Mos t recent ly 
R o g e r Penrose has argued that " the G o d e l ' s resul ts s h o w that the who le p rog ramme 
of art i f ic ial  intel l igence is wrong, that creat ive mathemat ic ians d o not th ink in a m e ­
chan ic way , but that they of ten have a k ind o f  insight into the Platonic realm which 
ex is ts independent ly f r o m u s ' "- .  G o d e l ' s doub ts about the l imits o f  fo rma l i sm w e r e 
cer ta in ly in f luenced by Brouwer w h o cr i t ic ized fo rma l i sm in the lecture presented at 
the Univers i ty of V ienna in 1928. Gôdel however did not share B rouwer ' s intuitio-
n ism based on the assumption that mathematical objects are created by our activit ies. 
For Gôdel a s a Platonic realist mathematical objects exist independently and w e dis­
c o v e r them. O n the o ther hand h e c la ims that o u r intuit ion cannot b e reduced to Hi l ­
be r t ' s concre te intui t ion on f ini tary symbols , but w e have to accept abstract concep ts 
l ike well defined mathematical procedures that h a v e a c lear mean ing wi thout fu r ther 
expl icat ion. His p roo fs a re construct ive a n d there fore acceptable f r o m the intui t ionist 
po in t o f  v iew. 

In fact , G o d e l ' s resul ts a re based on the t w o fundamenta l concepts : truth for for­
mal languages a n d effective computability. Concern ing the fo rmer , Gôdel stated in 
his lectures in Princeton that he w a s led to the incompleteness o f  arithmetic v ia his 
recognit ion of the non-definabil ity  o f  arithmetic truth  in its own language. In the 
same lectures he o f fe red the notion o f  general recursiveness in connection with  the 
idea of effective vmnputability, this w a s based on a modif ication  o f  a definit ion  pro­
posed by Herbrand. In the meant ime. Church w a s mak ing a proposal o f  his thesis, 

' See, e-g.. Robinson. A. (1964) 'Formalism 64' , or more recently Detlefsen. M. (1992) 'On 
an Alleged Refutation of Hilbert's Program Using Godel's first incompleteness theorem'. 

The notion of constructive proof is central for inluitionistic logic. 

"1 The above is a slightly reformulated remark made by Peter Fletcher in an e-mail correspon­
dence. 

See. Brown (1999, p. 78). 
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which identified the ef fect ively computable functions with the A.-definable functions. 
Gôdel was not convinced by Church's thesis, because it was  not based on a concep­
tual analysis o f  the notion o f  finite algorithmic procedure. It was only when Turing, 
in 1937. of fered the defini t ion in terms of his machines that Gôdel was ready to ac­
cept the identif ication of the var ious classes of funct ions: ̂ -def inable, general recur­
sive, Tur ing computable. 

Pursuit of Hi lbert 's program had thus an unexpected side ef fect : it gave rise to 
the realistic research on the theory of recursive funct ions and algorithms. John Von 
Neumann, fo r  instance, a long with being a great mathematician and logician, was an 
early pioneer in the field of modern comput ing, though it was a dif f icult  task becau­
se comput ing was not yet a respected science. His conception of computer architec­
ture has actually not been surpassed till  now. G o d e¾ s f irst  theorem has another 
interpretation in the language of computer science. In first-order logic, theorems are 
recursively enumerable: you can write a computer program that will  eventually ge­
nerate any valid proof. You can ask if  they satisfy the stronger property of being 
recursive: can you write a computer program to definit ively determine if  a statement 
is true o r false? G o d e¾ s theorem says that in general you cannot; a computer can 
never be as smart as a human being because the extent of its knowledge is limited  by 
a f i xed set of axioms, whereas people can discover unexpected truths. 

The greatness of a great thinker is measured by the influence his work has on f u ­
ture generations. One can fair ly  say that G o d e¾ s results changed the face of meta-
mathematics and influenced all aspects of modern mathematics, artificial  intelli ­
gence and phi losophy of mind. 

VSB-Techmcal University Ostrava 
Department of Computer Science FEI 
17. listopadu 15 
70S 33 Ostrava 
marie, duzi @vsb. cz 

REFERENCES 

BROWN, J. (1999): Philosophy of Mathematics. Routlege, London - New York. 
DAWSON. J.W. (1984): Kurt Godel in Sharper Focus. The Mathematical Intelligencer. 4. 
FEFERMAN. S. (1960): Arithmetization of metamathematics in a general setting. 

Foundations of Math. 49, 35 - 92. 
FEFERMAN, S. (ed.) (1986): Kurt Godel: Collected Works. Oxford University Press. 
GAIFMAN, H. (2003): Non-Standard Models in a Broader Perspective. Manuscript. 
HÁJEK, P (1996): Matematik a logik. In: Malina - Novotný (1996). 
KÔHLER.  E. (1991): Gôdel und der Wiener Kreis. In: Kruntorad, P. - Halier,  R. -

Hochkeppel. W (eds.): Jour fixe der Vernunft. Verlag Holder-Pichler-Tempsky, 
Vienna. 

- 473  -



Marie  Duží 4 

KÔHLER,  E. (2002): Gódels Jahrc in Princeton. In: Kôhler. E. - Weibel. P. - Stóltzner, M.  
- Buldt.  B. - Klein.  C. - DePauli-Schimanovich-Gottig, W. (eds.): Kurt Godel. 
Walirheit & Beweisbarkeit. Volume 1. Vienna. 

KÔHLER.  E. (2002a): Góde¾s Platonismus. In:  Kôhler. E. - Weibel. P. - Stóltzner. M.  -
Buldt. B. - Klein.  C. - DePauli-Schimanovich-Góttig, W. (eds.): Kurt Godel. 
Walirheit & Beweisbarkeit. Volume II.  Vienna. 

MALINA.  J.. - NOVOTNÝ.  J. (eds) {1996): Kurt Godel. Nadace Universitas Masarykiana. 
Brno. 

MENDELSON,  E. (1997): Introduction to Mathematical Logic. Chapman & Hall.  
NAGEL,  E. - NEWMAN.  J. R. (1958): Góde¾s Proof. New York University Press. 
ŠVEJDAR, V. (2000): On Provability Logic. Nordic Journal of Philosophical Logic 4. No. 

2, 1999. <URL  http://www.hf.uio.no/filosofi/njpl/vol4no2/provlog/index.html>  
ŠVEJDAR. V. (2002): Logika, neúplnost, složitost a nutnost. Academia, Praha. 

ACKNOWLEDGEMENTS 

I  am deeply grateful to Vítìzslav Švejdar for  his valuable comments on the manuscript of 
the paper, which improved the quality of the survey. Vítìzslav also contributed the 
concluding remarks on provability and interpretability logics. I  am also grateful to Bjorn 
Jespersen and Andrew Holster for  their careful proof reading and improving the English, 
and to Eckehard Kohler  for  providing relevant references. 

This work has been supported by the program "Information  Society" of the Czech 
Academy of Sciences, project No. IET101940420 "Logic and Artificial  Intelligence for  
multi-agent systems". 

- 474  - 7 


